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Theorem 1.1 ( ) $\mathcal{G};the$ category of codes, $\mathcal{X}$ ; the subcategory of covenng spaces with covenng trans-
formation group (or the subcategory of principal bundle) 1., 2., S., 4.
$F:\mathcal{G}arrow \mathcal{X}G:\mathcal{X}arrow \mathcal{G}$
1. $G\in Ob(\mathcal{G})$
$F(G)$ : $\tilde{X}arrow X$ ; (the covenng space with some transformation group $G’$ )
such that: X;connected
$F(G)_{*}(\pi_{1}(\tilde{X}))$ ; normal in $\pi_{1}(X)$
$\pi_{1}(X)/\pi_{1}(\tilde{X})\cong G’$
$G’$ $\tilde{X}$ (acts freely on $\tilde{X}$)
$G’$ $G$ Cokemel
2. $Y\in Ob(\mathcal{X})$ base space $X$ $G(Y);code$ such that
[X, B $G(Y)$ ] $\approx Hom(\pi_{1}(X), G(Y))$ (bijective)
3.
$G(F(G))=G,$ $F(G(Y))=Y$ for any $G\in Ob(\mathcal{G})$ and $Y\in Ob(\mathcal{X})$







Definition 2.1 (ordinary code) $K:=F_{q}$ ; $q:=p^{m}$ ($p$ : prime), etc






$K^{l}$ short exact sequence
$0arrow K^{l}arrow^{\varphi}K^{n+l}arrow^{\psi}K^{n}arrow 0$ (exact)
$\varphi$ , $\psi$ $G,$ $H$
$H$ parity check matrix $G$ generator matrix
coset $f$ : $W/Varrow W/V$ , where V is
a subspace of $W$ , $e:error$ vector
if $e\in V$ then $[f([x])]+e\sim[f([x])]$
Definition 2.2 (extended code by l-fold extension (abelian case)) $\Lambda$; an arbitra$ry$ reng with unit
$M_{1\prime}M_{2},Ms;\Lambda-modules$, $Ext_{\Lambda}^{1}(M_{3}, M_{1})$
$0arrow M_{1}arrow M_{2}arrow M_{3}arrow 0$ (exact)
$Ext_{\Lambda}^{1}(M_{3}, M_{1})\underline{\simeq}Ext_{K}^{1}(M_{3}, M_{1})\underline{\simeq}0$
$M_{3}$ $M_{1}$ $M_{3}$ $M_{1}$
$M_{3}$ $M_{1}$ . Baer sum
Definition 2.3 (extended code by group extension (non abelian case with abelian kernel)) $G;a$ group,
$A;a$ lefl G-module, $Ext_{ZG}^{2}(Z, A)\underline{\simeq}H^{2}(G, A)$
$0arrow Aarrow Earrow Garrow 1$ (exact)
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Definition 2.4 (ex.code by group extension (non abelian case with non abelian kernel)) $N,$ $E,$ $G$ :
groups, $C$ ; the center of $N$
$1arrow Narrow Earrow Garrow 1$ (exact)
$\mathcal{E}(G, N)$
(1)$\mathcal{E}(G, N)\neq\phi$ if and only if some $obst_{\Gamma}uction\in H^{3}(G, C)$ is zero
(2)$\mathcal{E}(G, C)\approx H^{2}(G, C)$ (bijective) if $\mathcal{E}(G, C)\neq\phi$
(Remark 1) 2
$1arrow Narrow Earrow Garrow 1$ (exact), $1arrow Narrow E’arrow Garrow 1$ (exact)
isomorphism:E\leftrightarrow E’
1 $arrow$ $N$ $arrow$ $E$ $arrow$ $G$ $arrow$ 1
$||$ $\downarrow$ $||$




$0arrow Aarrow^{:}Earrow^{\pi}Garrow 1$ (exact)
(structufizable) (split) $s$ :
$Garrow E$ such that $\pi s=id_{G}$
$0arrow A\underline{|’}A\triangleright\triangleleft Garrow^{\pi’}Garrow 1$ (exact)
(systematic code)
3
Definition 3.1 (definition of error) $G$ ;
$G$ $:=Narrow\Piarrow\Pi/N$ (exact)
$\varphi$ : $Garrow G$ $\varphi$ (
$\varphi$ ) $\Delta$ $\varphi$ $\Delta$
$\varphi(\Delta)$
$\varphi$








1. II $n$ d( )
Order$(H_{2}(\Pi, Z))=d^{n(n-1)/2}$
$G$
$G;=Narrow\Piarrow\Pi/N$ (exact), $II/N$ $:=cyclic$ of order $d$
$\varphi(\Pi/N);isomorphic,$ $\varphi(N);not$ isomorphic spectral sequence
$\varphi(N)$ ( ) $G$
Lyndon-Hochschild-Serre spectral sequence
$\Pi$ (Generators and Relaions)
$\Pi=(x_{1},x_{2}, \ldots, x_{n}|x_{1}^{d}, \ldots, x_{n}^{d}, [x:, x_{j}], i<j)=:(F, R)$
$H_{2}(\Pi, Z)\cong F’/[R, F]\underline{\simeq}K’$ where $K=F/[R, F],$ $K’$ is commutator subgroup of $K$
$a_{i}=x_{i}[R, F]$
$K’=<[a:, a_{j}],$ $(i<j)>,$ $[a_{i}, a_{j}]\in Z(K),$ $a_{i}^{d}\in Z(K)$
$a_{i}^{d}=a:a_{j}^{d}a^{-1}|=(a;a_{f^{a^{-1})^{d}}}|=([a_{1}, a_{f]a_{j}})^{d}=[a;, a_{j}]^{d}a_{i}^{d}$
$[a;, a_{j}]^{d}=0(i<j)$ $dH_{2}(\Pi,\cdot Z)=0$
$\varphi$
$N$




$\varphi(G)$ L-H-S spectral sequence
$E_{p,q}^{2}=H_{p}(\Pi/N, H_{q}(\varphi(N), Z))\Rightarrow H_{p+q}(\Pi, Z)$
$\Pi/N$
$E_{2,0}^{2}=H_{2}(\Pi/N, H_{0}(\varphi(N), Z))=0=E_{2,0}^{\infty}$
$H_{2}(\Pi, Z)$ fiiltration .
$0=\Phi^{-1}H_{2}\subset\Phi^{0}H_{2}\subset\Phi^{1}H_{2}=\Phi^{2}H_{2}=H_{2},$ $\Phi^{0}H_{2}/\Phi^{-1}\cong E_{0,2}^{\infty},$ $\Phi^{1}H_{2}/\Phi^{0}H_{2}\cong E$
$E^{2}-term$ $E_{0,2}^{2}\cong E_{0}^{\infty_{2}},$ $E_{1,1}^{2}\cong E$
$0arrow E_{0,2}^{2}arrow H_{2}(\Pi, Z)arrow E_{1,1}^{2}arrow 0$
$H_{2}(\Pi, Z)$ $Z_{d}$
$H_{2}(\Pi, Z)\cong E_{0,2}^{2}\oplus E_{1,1}^{2}\ldots\ldots\ldots\ldots\ldots\ldots\ldots..(1)$
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$H_{1}(\varphi(N), Z)\cong\varphi(N)/\varphi(N)’\cong\varphi(N)\cong I_{m}1^{Z_{d}}$
$E_{1,1}^{2}=H_{1}(\Pi/N, H_{1}(\varphi(N), Z))\cong\square H_{1}(\Pi/N, Z_{d})m\cong I_{m}I^{Z_{d}}$
$E_{0,2}^{2}=H_{0}(II/N, H_{2}(\varphi(N), Z))\cong H_{2}(\varphi(N), Z)$
(1)
2. $\Pi$ $k$
rank $(H^{n}(\Pi, Z))=(\begin{array}{l}kn\end{array})$ if $k\geq n$
$G$






$\varphi(G)$ L-H-S spectral sequence
$E_{2}^{p,q}=H^{p}(\Pi/N, H^{q}(\varphi(N), Z))\Rightarrow H^{p+q}(\Pi, Z)$
$\Pi/N\cong Z$ $E_{2}^{p,q}=0$ if $p\neq 0,1$ $E_{2}-term$ $p=0,1$ 2
$0arrow E_{2}^{1,n-1}arrow H^{n}(\Pi, Z)arrow E_{2}^{0,2}arrow 0$
$H^{n-1}(\varphi(N), Z)$ $\Pi/N-$
trivial $E_{2}-term$
$E_{2}^{1,n-1}=H^{1}(\Pi/N, H^{n-1}(\varphi(N), Z))\cong Hom(Z, H^{n-1}(\varphi(N), Z))\cong H^{n-1}(\varphi(N), Z)$
$E_{2}^{0,n}=H^{0}(\Pi/N, H^{n}(\varphi(N), Z))\cong H^{n}(\varphi(N), Z)$
rank$(E_{2}^{1,n-1})+rank(E_{2}^{0,n})=(\begin{array}{l}k-dn\end{array})\neq rank(H^{n}(\Pi, Z))$
3. $\Pi$ $\Pi/N$ $N$ torsion part
$N$ $n$ $\Pi/N$









Definition 4.1 (Mordell- Weil gourp)
$K$; (char $\neq 2,3$)
K E/K , .
$y^{2}=x^{3}+Ax+B,$ $(A, B\in K,4A^{3}+27B^{2}\neq 0)$
$E(K):=\{P=(x, y)\in E|x, y\in K\}\cup O$ , where $O=\infty$
$E$ $K$ . $E(K)$ $0$ . Mordell- Wed
$E(K)_{tor}$ $E(K)$
Definition 4.2 ( )
$X$ ( $d$ ) $Z_{i}$ $Z$ $:= \sum n;Zi$ , $X$ ( $d$ )
. $Z^{d}(X)$ . $Z$
$\gamma$ : $Z^{d}(X)arrow H^{2d}(X)$ $C^{d}(X)$ , $H^{2d}(X)=C^{d}(X)$
, $X$ $d$ .
$E(K)$ , (lattice) Mordell-
Weil lattice
Definition 4.3 (T.Shioda) (Mordell- Weil lattice $(MWL)$)
, , .
$K=k(t)$ ; $k$ 1 . $K$ , $C/k$ $k(C)$ .
$K$ $E$ , ( N\’eron model) $f$ : $Sarrow C$ , Ne’ron-
Severi group $NS(S)$ . , $K$ ,
$E(K)$ . $T$ , $(O)$ $NS(S)$
, $E(K)\cong NS(S)$ . .
$\varphi$ : $E(K)arrow NS(S)\otimes Q$ , such that $Im(\varphi)\perp T,$ $\varphi(P)\equiv(P)modT\otimes Q,$ $Ker(\varphi)=E(K)_{tor}$
, $P\in E(K)$ , $P$ $(P)$ . , $S$ , $S$
$D,$ $D’$ $(D.D)$ $NS(S)$ bilinear pair . , $\varphi$
, $E(K)$ $NS(S)$ $E(K)$ symmetric bilinear form
.
$(\acute{P}, P’\rangle :=-(\varphi(P).\varphi(P’))$
heighi pairing . , $E(K)/E(K)_{tor}$ (, \rangle positive lattice , ,
$E(K)^{0}$ $:=$ { $P\in E(K);((P)\ominus\nu,0)=1$ , for all reducible fiber and $\Theta_{v,0}$ with $(\Theta_{v,0}(O))=1$ }
(, \rangle positive even integral lattice Mordell- Wed lattice narrow Mordell-
Weil lattice ($E(K)^{0}$ ) .
4.2 MWL code
MWL Modell-Weil group $E(K)$
MWL
$0-E(K)_{t}$ $rarrow E(K)arrow E(K)/E(K)_{t}$ $rarrow 0$
$E(K)/E(K)_{t\circ r}$





$k$ $p>0$ $F_{p}$ .
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